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The physical properties of arteries are important in the research of the circulatory system dynamics. Moreover, in
order to build Virtual Reality Simulators, it is crucial to have a tissue model able to respond in real time. A
reduced mesh size results in shorter processing times, which can be achieved using a two-dimensional grid. In
this work, a triangular topology is considered and the nodes are connected by three kinds of linear springs (one
normal and two angular ones). The spring stiﬀnesses depend on the mesh geometry and on the elastic properties
of the artery. The model linearizes the material response, but it still contemplates the geometric nonlinearities.
Comparisons showed a good match with a nonlinear model and with our previous model based on a quadrilateral topology. However, the proposed model extension is more ﬂexible and easier to implement than the
previous one.

1. Introduction
Conducting clinical research is expensive, time-consuming, and
manipulating biological variables is very challenging (Gwak et al.,
2010). Although mathematical modeling may be diﬃcult in some cases,
virtual cardiovascular simulations are inexpensive and variables can be
easily controlled (Zannoli et al., 2009). For example, studies of atherosclerotic plaques have evaluated the 3D stress distributions within
plaques under certain loading and boundary conditions, so to analyze
the biomechanical response to geometrical, structural, and material
changes (Creane et al., 2010; Cilla et al., 2012; Morlacchi et al., 2013;
Holzapfel et al., 2014).
A better understanding of the arterial wall mechanics can provide
relevant information for medical diagnosis and therapies of some vascular pathologies (Garcia-Herrera et al., 2012). Indeed, the measurements of the arterial tree stiﬀness can be applied in routine clinical
practice for risk stratiﬁcation (Pereira et al., 2015). Detailed knowledge
of vascular tissue properties is required to improve procedures such as
angioplasty, to design arterial prostheses, and to describe the dynamics
of the interaction between the heart and the circulatory system
(Holzapfel et al., 2002). Moreover, physiological and pathological
changes in the cardiovascular system directly inﬂuence the mechanical
behavior of arterial walls (Diez, 2007).
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The arterial wall is incompressible, anisotropic, inhomogeneous,
highly nonlinear, and exhibits hysteresis under a cyclic load (Holzapfel
and Ogden, 2010; Li, 2016). Usually, only the passive behavior of the
tissue is considered, but even so, a complex set of equations results and
a considerable amount of processing time is used to obtain the solution.
In order to show the artery deformations caused by the introduction
of medical devices, a truthful Virtual Reality Simulator(VRS) must
consider the physical models of the device and of the artery
(Alderliesten et al., 2007 ; Wang et al., 2014; Baier et al., 2015, 2016).
Due to its strong mathematical background, Finite Element Methods
(FEM) are physically accurate (Garcia et al., 2006) and linear FEM are
the most popular technique to model tissue deformation in VRS (Misra
et al., 2008). The FEM have shown to be robust for the quantiﬁcation of
arterial stresses, and they have been successfully utilized for modeling
of the stent-artery interaction. Balloon expandable stents have also been
compared with self-expanding stents in terms of the level of stresses
they induce within the arterial wall, and hence the risk of arterial injury.
A VRS must work in real time. For example, a haptic device demands a minimum refresh rate of 500 Hz, so that the user can experience a continuous (smooth) contact feeling. Thus, the reaction force
due to tissue deformations has to be calculated very quickly. Although
commercially available ﬁnite element codes take into account several
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physical aspects of arteries (including nonlinearities), the computation
time would be too long for VRS. The model developed in this paper is
intended to be used in fast calculations of artery deformations, where
an exact response is not necessary.
In particular, the artery deformations produced by a catheter wire
are tiny, and in this case the linear approximation is adequate. Hence,
linearizations are adopted in the calculations of the elasticity tensor and
of the spring stiﬀnesses. Furthermore, the method is based on a structural mechanic approach, because a VRS only requires the force feedback at the contact points and not the knowledge e.g. of a stress ﬁeld at
the surface.
A two-dimensional mesh is proposed and so the numerical diﬃculties arising from the isochoric constrain in three dimensions are
avoided. This paper is organized as follows, in Section 2 the sti ﬀness
tensor component Cηηηηt is estimated, from which Cθzθzt can be calculated. Furthermore, the interaction between the nodes is simulated
using normal, angular in plane, and angular out of plane springs. Then,
in Section 3 the stiﬀnesses are determined and the results are analyzed.

(Holzapfel and Ogden, 2009). In the present work, the energy density
function for the arterial layer t (Intima, Media, or Adventitia) is given
by

k1t
(Γt − 1) ,
k2t

(1)

2 +ρ (I − 1)2]
t 4t

(2)

Ψt = μ t (I1 − 3) +
where

Γt = e k2 t [(1 −ρt )(I1 − 3)

.

Further, the invariants I1, I4t are deﬁned by

I1 = λ θ2 + λ z2 +

1
,
λ θ2 λ z2

I 4t = λθ2 cos2 ϕt + λz2 sin2ϕt ,

(3)

and the physical parameters of the layers μt , k1t , k2t , ρt, ϕt were experimentally obtained from the coronaries of human cadavers
(Holzapfel et al., 2005 ). In particular, the energy density invariants
capture structural aspects of the tissue (e.g. the orientation and dispersion of collagen ﬁbers).
The stiﬀness tensor components Cθθθθt , C zzzzt , and C θθzzt of layer t
were determined in Ref. (Baier-Saip et al., 2017). However, the calculations of the angular spring stiﬀnesses (Section 2.2) require also the
knowledge of the tensor component Cηηηηt . In order to ﬁnd Cηηηηt, it is
necessary to write the stretches λ θ and λ z appearing in the energy
density in terms of λ (the stretch parallel to the vector e , see Fig. 1). To
this end, consider the point A0 with coordinate (1,1). If the body is
subjected to an initial deformation speciﬁed by the stretches λθ0 and
λ z0 , the new coordinate will be (λ θ0 , λ z 0 ) (point A1). After displacing this
point a distance δ in the direction of e , the coordinate becomes
(λ θ0 + δ cosη , λ z 0 + δ sinη) (point A2). The stretch ratio equals the ﬁnal
length divided by the initial length parallel to the axis, which is equal to
1

2. Methods
When accuracy is not the most relevant aspect, a reduced mesh size
and a linearization increase the computing performance. The model
developed in this work is equivalent to a linear FEM using a triangular
mesh with few nodes. First, additional stiﬀness tensor components are
estimated and, afterwards, the formulas for calculating the stiﬀness of
the springs are deduced.
2.1. Stiﬀness tensor
Fiber dispersion in collagenous soft tissues has an important inﬂuence on the mechanical response (Holzapfel and Ogdeon, 2017). There
exist two diﬀerent approaches for modeling ﬁber dispersion: the “angular integration” (Lanir, 1983) and the “ generalized structure tensor”
(Gasser et al., 2006). Both models have equivalent predictive power,
and from the theoretical point of view neither of these models is superior to the other. However, the generalized structure tensor has
proved to be very successful in modeling the data from experiments on
a wide range of tissues. Furthermore, it is easier to analyze, simpler to
implement, and the related computational eﬀort is much lower than the
angular integration approach.
Holzapfel et al. (2015) provide an overview of the main existing
continuum nonlinear mechanical models of arteries, which have proven
to give reliable results. In general, classical continuum mechanics assumes that the constitutive models and the corresponding simulations
start from an unloaded, stress-free reference conﬁguration (Pierce et al.,
2015). This has been used to calculate the amount of stress applied to
the tissue and its associated strain response (Fung, 1993; Humphrey,
2002; Vito and Dixon, 2003; Sokolis, 2008 ).
However, the boundary value problem of interest represents a
loaded geometry and includes residual stresses. It has been shown that
residual stresses make the stress distribution more homogeneous within
each arterial layer (Fung, 1991). The modeling of residual deformations
take into account the stress and bending, which are axially dependent.
In order to take into account the residual stretches in our model, it
would be necessary to calculate in a previous step the stresses and
prestresses using a continuum mechanics approach (Pierce et al., 2015).
Then the resulting stretches can be used to compute the inhomogeneous
stiﬀness tensor (see below), which in turn is used to compute volume
averages (Section 2.2). Nevertheless, this will not be pursued mainly
because in our model only a two-dimensional picture is obtained, and
the stress variation within a layer cannot be observed.
Usually, only planar biaxial deformations (tangential stretch λ θ and
axial stretch λ z ) are performed in experiments to obtain the most relevant information about the material properties. Nonetheless, this is
not suﬃcient to characterize all material properties of soft tissues

λ θ = λ θ0 + δ cosη ,
λ z = λ z0 + δ sinη .
Moreover, the projections of the segments O A0 and OA2 along the
vector e , are cosη + sinη and λθ0cos η + λ z 0sin η + δ respectively. Thus,
the stretch ratio is

λ =

λ θ0 cosη + λ z 0 sinη + δ
λ θcosη + λ z sinη
.
=
cosη + sinη
cosη + sinη

(4a)

The projections of the segments OA0 and OA2 along the vector
e⊥ = −sinηeθ + cosηez perpendicular to e , are cosη − sinη and

Fig. 1. Coordinates of a point in a body without stretch (point A 0 ), with an
initial stretch (point A1), and after an additional deformation parallel to e
(point A2 ). The unit vector e is in the plane of e θ and e z. Besides, the angle
between e and e θ is η.
58
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λ z 0cosη − λ θ0sinη respectively. The stretch ratio

λ z 0cosη − λ θ0sinη
λ z cosη − λ θsinη
.
=
cosη − sinη
cosη − sinη

λ⊥ =

(4b)

does not depend on δ. Henceforth, λ⊥ is implicitly constant.
Solving for λ θ and λz from (4a) and (4b), it is found that

λ θ = λ′ cosη − λ′⊥sinη ,
λ z = λ′ sinη + λ′ ⊥ cosη ,

(5)

where λ′ = λ (cosη + sinη) and λ′ ⊥ = λ⊥ (cosη − sinη ). Furthermore, let

λ ′r =

1
=
λθλz

1
2

1
(λ′ 2 − λ′ 2⊥ ) sin2η + λ′ λ′⊥ cos2η

(6)

In this way, the invariants in (3) become

I1 = λ′ 2 + λ′ 2⊥ + λ ′2 r
I4t = (λ′ cosη − λ′⊥sinη)2cos2ϕt + (λ′ sinη + λ′⊥cosη)2sin2 ϕt

Fig. 2. (a) Three nodes (black points P1, P2 , P3) are connected by springs of
stiﬀness κ a (red line), κb (green line), and κ c (blue line). There are also angular
springs χ α, χ β, and χγ (not shown) at the vertices P1 , P2 , and P3 respectively. The
vertex P3 is at the origin, so that the coordinates of P2 and P1 are (aθ , az ) and
(bθ , bz ) respectively. The angle between the segment P2 P3 and the tangential
direction e θ is Ω . Deforming the triangle changes the lengths a = a θ2 + a z2 ,

(7)

The stress is calculated as

σηηt = λ

∂Ψt
∂Ψt
= λ′
∂λ
∂λ ′

b = bθ2 + bz2 , c = cθ2 + cz2 , and the angles α, β, γ. (b) Two adjacent triangles
with vertices at r0 , r1 , r2 and at r 0, r1, r3 , have attached one angular spring of
stiﬀness τ (magenta arc). The torque depends on the angle φ between the
planes, i.e. between the surface normals. (For interpretation of the references to
colour in this ﬁgure legend, the reader is referred to the Web version of this
article.)

and the stiﬀness tensor component is

Cηηηη t = λ′

∂σ ηηt
∂σ ηηt
= λ′
∂λ′
∂ λ′

Introducing the deﬁnitions

∂I1
= 2λ′ 2 − 2λ′ 3r (λ′ 2 sin2η + λ ′ λ ′⊥ cos2η ) ,
∂ λ′

P= λ′

Qt = λ′

∂I4 t
= 2λ′ (λθ cos η cos 2 ϕt + λ z sin η sin2 ϕt) ,
∂λ′

X = λ′

∂P
= 4λ ′ 2 − 2λ ′ 3 (2λ ′ 2 sin 2η + λ ′ λ ′⊥cos 2η)
∂λ′

1. Normal spring with stiﬀness κ i and energy κ i (Δx i )2 /2, where Δx i represents the deviation from the equilibrium distance xi = a, b, c
between two nodes (Fig. 2(a)).
2. Angular in plane spring with stiﬀness χi and energy χi (Δω i) 2/2, where
ωi = α , β , γ are the angles in the triangle (Fig. 2(a)).
3. Angular out of plane spring with sti ﬀness τ and energy τ (Δ[sinφ])2/2 ,
which is associated with the angle φ between two neighboring triangles (Fig. 2(b)). This angle depends on the relative position of four
nodes.

+ 6 λ′ 4 ( λ′ 2 sin 2 η + λ′ λ′⊥ cos 2 η) ,
2

Yt = λ′

∂Q t
= 2 λ′ ( λθcos η cos 2 ϕt + λzsin η sin2 ϕt )
∂λ′

+ 2λ′ 2 (cos2η cos2 ϕt + sin2η sin2ϕ t ) ,

Although the model linearizes the material response in the springs,
it still contemplates the geometric nonlinearity by updating the reference frame to the deformed geometry in the calculations (Baier-Saip
et al., 2017).

(8)

it follows that

C ηηηηt = μ t X + 4k1t k2t Γt [(1 − ρt ) (I1 − 3) P + ρt (I4 t − 1) Qt ]2
2.2.1. Normal springs κi and angular in plane springs χi
The stiﬀness of the springs κ i and χ i is related to the elastic properties of the tissues and to the geometry of the mesh. If the triangle in
Fig. 2(a) is subjected to the strains εθθ , ε zz , and εθz , then the deviation of
the lengths from equilibrium are to ﬁrst order

+ 2 k1t Γt [(1 − ρt) P 2 + ρt Qt2 + (1 − ρt)( I1 − 3) X + ρt ( I4t − 1) Yt] .
(9)
In particular, for η = 0 and η = 90 the last equation simpliﬁes to
Cηηηηt = Cθθθθt and Cηηηηt = Czzzz t respectively, see Ref. (Baier-Saip et al.,
2017).
Next, consider the calculation of C θzθzt . Suppose that Cθθθθt , Czzzzt ,
Cθθzzt have been obtained as described in Ref. (Baier-Saip et al., 2017 ),
and C π4 π4 π4 π4 t has been obtained using (9) with η = 45∘ . Since in a rotation
the tensor component can also be calculated with the formula
1
1
1
Cπ π π π t = 4 Cθθθθ t + 4 Czzzz t + 2 Cθθzz t + Cθzθz t , it follows that
∘

∘

4444

Cθzθzt

1
1
1
= Cπ π π π t − Cθθθθ t − Czzzz t − Cθθzz t
4 4 4 4
4
4
2

Δa =

aθ2 ε θθ + a 2z εzz + 2aθ az ε θz

Δb =

b θ2ε θθ + bz2εzz + 2b θb z ε θz

Δc =

cθ2 ε θθ + cz2 ε zz + 2c θ az ε θz

,

a
b
c

,
.

(11)

Moreover, the deviation of the angles are

(10)

Δ α = Mbc (ε θθ − ε zz) + Nbc ε θz ,
Δ β = Mca ( εθθ − εzz ) + Nca εθz ,
Δ γ = Mab ( εθθ − εzz ) + Nab εθz ,

2.2. Spring stiﬀnesses
In order to simulate the physical properties of the tissues, the nodes
located at the inner surface of the Intima are connected with three kinds
of linear springs:

where

59

(12)
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Mbc =

bθ bz
b2

Mca =

cθ cz

Mab =

aθ az

c2
a2

−
−
−

cθ c z
c2
aθ az
a2
b θb z
b2

, Nbc =

bθ2 − b2z

, Nca =

c 2θ − c 2z

, Nab =

b2
c2

−

c θ2 − c 2z

−

a θ2 − az2

a θ2 − a 2z

c2

−

a2

,
,

a2
bθ2 − bz2
b2

.

(12a)

note that Mij , N ij depend on the shape and orientation of the triangle,
but they do not depend on its size.
The energy stored in the springs is

Uε =

1
1
1
1
1
κa (Δ a) 2 + κb (Δb)2 + κc (Δ c) 2 + χ α (Δα )2 + χ β (Δβ)2
2
2
2
2
2
1
2
+ χγ (Δγ ) .
2

(13)

On the other hand, the elastic energy due to the deformation of the
tissue is

Uε =

1
1
2
2
2
,
Fθθθθ ε θθ
+ Fzzzz ε zz
+ Fθθzz ε θθ ε zz + 2Fθzθzε θz
2
2

(14)
Fig. 3. Cross view of two adjacent triangles (red) perpendicular to the plane of
the Figure, with a common axis of rotation parallel to the vector n1 (represented
by the dot •). When the triangles are rotated, the structure is bent with a curvature radius R. The stiﬀness of the angular spring connected to the triangles is
τ (blue). (For interpretation of the references to colour in this ﬁgure legend, the
reader is referred to the Web version of this article.)

where

Fijkℓ =

∫V Cijk ℓt

dV

(14a)

is the integral of the sti ﬀness over the volume V bounded by a triangular prism, which includes the Intima, Media, and Adventitia tissues.
2
2
2
By comparing the coeﬃcients of εθθ
, εzz
, εθz
, εθθ εzz , εθθ εθz, εzz εθz in
(13) and (14), the following equations are obtained after a slight manipulation

cos 20
φ
φ
φ
2 ⎛sin − sin 0 ⎞ = Δ φ cos 0 =
(sinφ − sin φ0) .
2 ⎠
2
cosφ0
⎝ 2

aθ2 κ a + bθ2 κb + cθ2 κ c = Fθθθθ + Fθθzz ,

substituting (17) and (18) in (16)

az2κa + bz2 κb + c z2κ c = Fzzzz + Fθθzz ,
aθ a z κ a + bθ bz κb + cθ c z κ c = 0 ,

φ

φ

Ubend, η =

(15a)

and
2
2
2
Mbc
χα + Mca
χβ + Mab
χγ =

a 2θ az2
a2

2
2
2
Nbc
χ α + Nca
χβ + Nab
χγ = − 4 ⎛
⎝

κa +

a 2a z2
θ
a2

b θ2b 2z
b2

κa +

κb +

b 2b 2z
θ

b2

Mbc Nbc χα + Mca Nca χβ + M ab Nab χγ = 2a θ a z
+

(18)

c 2z − c 2
2 cθ cz 2 θ
c

cθ2 c z2
c2

κb +
a2z − aθ2
a2

θ

c2

Ubend, η =

κ c − Fθzθz ⎞ ,
⎠

κa + 2bθ bz

(19)

On the other hand, the energy stored in the angular spring connected to the triangles is

κ c − Fθθzz ,

c 2 c2z

2 0
1
V2+ 3 cos 2
gη 2
(sin φ − sin φ0) 2 .
2
d cos 2φ0

b2z − bθ2
b2

1
τ (Δ[sin φ])2 .
2

(20)

hence, from (19) and (20)

κb

φ

τ = gη

κc .
(15b)

2 0
V2+ 3 cos 2
.
2
d cos2 φ0

(21a)

If the two triangles are not isometric (i.e. d2 ≠ d3 ), using the same
angle φ but with diﬀerent radii R2 and R3 , the relations d2 = 2R2 sin(φ/2)
and d3 = 2R3sin(φ /2) are obtained. Hence, (21a) is replaced by

Equation (15a) is solved ﬁrst to obtain κa , κ b , κ c , and then these
values are substituted in (15b) to obtain χα, χβ , χγ . Note that the
structure of both equations is similar.

2 φ0

V
V cos 2
τ = g η ⎛⎜ 22 + 32 ⎞⎟
.
2
d
d
3 ⎠ cos φ 0
⎝ 2

2.2.2. Angular out of plane spring τ
Consider a homogeneous beam with a natural curvature radius R 0
and a thickness h. When the beam is subjected to a deformation speciﬁed by a new radius R, the bending energy equals

Ubend, η =

Finally, when the beam is not homogeneous (e.g. due to variations
of the stiﬀness tensor), the last equation becomes
φ

2

1⎛1
1 ⎞
g V2+ 3 ,
−
2⎝R
R0 ⎠ η
⎜

0
G η2
Gη3 cos2 2
τ = ⎜⎛ 2 + 2 ⎞⎟
.
2
d3 ⎠ cos φ0
⎝ d2

⎟

(16)

where g η = Cηηηη
and V2 +3 is the volume bounded by the two triangular prisms.
It can be inferred from Fig. 3 that d = 2R sin(φ/2), where d = d2
represents the distance from r 2 to the line through the points r 0 and r1
(parallel to n1). Equivalently, d = d3 represents the distance from r3 to
the same line. Later, the case d2 ≠ d3 will be taken into account. Observe
that

h 2/12

φ
φ
1
1
2
−
= ⎛sin − sin 0 ⎞ ,
R
R0
d⎝ 2
2⎠

(21b)

(21c)

here

Gηi =

∫V y2 Cηηηηt dV ,
i

(21d)

where y denotes the distance to the neutral axis of the beam.
Next, deﬁne the vectors

n1 = r1 − r0 ,
n2 = n1 × (r2 − r0) ,
n3 = (r3 − r0) × n1 ,
n 4 = ( r3 − r0) × ( r2 − r0) ,

(17)

where φ0 is the angle between the planes in the undeformed state. If φ is
close to φ 0 , then up to ﬁrst order in Δφ = φ − φ 0

and let ni = ni represent their modulus. Then
60

(22)
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sin φ =

n1·(n2 × n3)
.
n1 n2 n3

Table 2
Average components of the stiﬀness tensor Cijkℓ (in kPa) for two diﬀerent
geometries and internal pressures p in (in mmHg).

(23)

Furthermore, a helpful formula for the derivation of the stiﬀness
matrix used in FEM is

δ (sinφ) = ∇0 (sinφ)· δ r0 + ∇1 (sinφ)· δ r1 + ∇2 (sinφ)· δ r2 + ∇3 (sinφ)· δ r3 ,
(24)

Geometry

pin

Cθθθθ

C zzzz

C θθzz

Cθzθz

planar
cylindrical

0
100

117
558

296
844

106
505

469
1860

with

∇0 (sinφ ) =

n12 ( n2 + n3 − n4 ) − 2 n1 ( n1 · n4 )
n1 n2 n3

−
∇1 (sinφ ) =

( r 3 − r 1) × n3
⎤
n32

⎦

+ sinφ ⎡ n 12 −
⎣ 1
n

,

2n1 (n1·n 4 ) + n12 n 4
n 1n 2n 3

∇2 (sin φ) = − n

n1
2n3

∇3 (sinφ ) = − n

n1
2n3

Table 3
Volume averages g η = Gη/V (in mN) for two diﬀerent internal pressures p in (in
mmHg). The angle η ranges from 0 ∘ (e in the tangential direction) to 90∘ (e in
the axial direction).

n 2 × (r 2 − r 1)
n 22

+ sinφ ⎡− n 12 +
⎣ 1
n ×n
n3 + sin φ 1n 2 2 ,
n

n2 × (r2 − r0 )
n 22

+

(r3 − r0 ) × n3
⎤
n 32

⎦

,

2

n2 + sinφ

n3 × n1
n 23

.

p in

g0∘

g10∘

g20∘

g30∘

g 40∘

0
100
p in

7.85
15.30
g50∘

14.20
26.20
g60∘

22.64
39.84
g70∘

31.87
53.85
g80∘

39.86
65.03
g 90∘

0
100

44.52
70.37

44.49
68.24

39.67
59.03

31.29
45.06

21.43
29.71

(24a)
If the angular out of plane spring is omitted from the model, then
the stiﬀness matrix can be singular. Physically, the structure is not
stable when there is no restoring force in a direction perpendicular to
the plane of the triangles.

be used in the calculation of τ.
3.2. Meshing geometry
The value of the linear spring sti ﬀnesses depend on a θ, az , b θ, bz , cθ ,
and c z , i.e. they depend on the size, shape, and orientation of the triangle. A right triangle with the catheters parallel to the axis eθ and to
the axis e z is particularly simple to analyze. Let a θ = a , az = 0 , b θ = 0,
bz = b, cθ = a , and cz = − b be the vertex coordinates. The solutions of
(15a) and (15b) are

3. Results
As an application of the theory developed in Section 2, ﬁrst the
stiﬀness tensor for a symbolic artery is obtained, and then the eﬀect of
the mesh geometry on the spring stiﬀnesses is studied. In particular, the
angular energies proportional to [Δsin φ]2 and to [Δcos φ]2 are compared.
The model is contrasted in three diﬀerent cases which have been
investigated in Ref. (Baier-Saip et al., 2017). Finally, the model is applied to an artery with inhomogeneous properties representing a damaged artery.

κa =

χα = −

Δα =
Δβ =
Δγ =

μt
27.90
1.27
7.56

κc = 0 ,

(25a)

c2
Fθθzz ,
a2

χβ = −

c2
Fθθzz ,
b2

χγ = Fθθzz + Fθzθz ,

(25b)

k1 t
263.66
21.60
38.57

k 2t
170.88
8.21
85.03

ρt
0.51
0.25
0.55

c Δ a − a Δc
,
bc
c Δ b − b Δc
,
ac
c Δ c − a Δa − b Δ b
ab

.

(26)

Substituting (25a)-(26) in (13), the following result is obtained

Ustretch =

1
Δa 2
Δa Δb
1
Δb 2
⎞ + Fθθzz
Fθθθθ ⎛
+ Fzzzz ⎛ ⎞
2
a
a
b
2
⎝
⎠
⎝ b ⎠
+

2
1
Δa
Δb
c
Fθzθz ⎛
Δc ⎞ .
+
−
2
b
a
ab
⎝
⎠

(27)

Since the stiﬀness tensor Cijkℓ is positive deﬁnite, it follows that Fijkℓ
(proportional to the volume average of Cijkℓ , see (14a)) is also positive
deﬁnite. Thus, Ustretch is positive for arbitrary deformations, even though
κ c = 0 and χα , χβ are negative.
In general, a triangle is speciﬁ ed by the length of three sides, or two
sides and one angle, or one side and two angles, so that the deviations
Δa , Δb , Δc, Δ α, Δβ , Δγ are not independent. This is evident from (11)
and (12) where ε θθ , εzz , εθz are used as three independent parameters to
specify the deformation. As a result, a combination of more than one
spring stiﬀnesses always appears. Although κa , κ b, κ c, χα, χβ , χγ may not
all be positive, the sum in (13) is indeed positive.
Scaling the triangle by a factor s does not change κa , κ b , and κc in
(15a), because Fijkℓ in (14a) is proportional to the volume i.e. to s 2 for a
constant thickness. On the other hand, from (15b) it follows that χα , χβ ,
and χγ are proportional to s 2. Hence, the sign and the ratio among the

Table 1
Average physical parameters from Ref. ( Holzapfel et al., 2005) for the Intima
(i ), Media (m ), and Adventitia (a) arterial layers. The thickness at is in mm, μ t
and k1t are in kPa, k2 t and are dimensionless, and the angle ϕt is in degrees.
Furthermore, the internal radius without pressure loading is 1.35 mm.
at
0.24
0.32
0.34

Fzzzz + Fθθzz
,
b2

respectively. Furthermore, the deviations Δα , Δβ , Δγ in a right triangle
can be written as a linear combination of Δa , Δb , Δ c

In general, the artery sti ﬀness among diﬀerent individuals has large
variations (Schmid et al., 2013) and the data in Table 1 is used to
calculate typical values of the stiﬀness tensor components.
Assuming a mean pressure loading equal to (80 + 120)/2 = 100 mm
Hg and no residual strains, the calculated stretch at the inner surface is
λ θin = 1.1495 and the internal radius is r1 = 1.5 5 mm (Baier-Saip et al.,
2017). The resulting volume averages of the stiﬀ ness tensor components are given in Table 2. This table also contains the results when the
artery (a cylinder) is replaced by a planar slice of total thickness
0.24 + 0.32 + 0.34 = 0.90 mm and there is no internal pressure, so that
λ θ = 1.
Physically, the collagen ﬁbers are on average closer to 45∘ than 0∘ or
∘
90 (see ϕ t in Table 1). Hence, Cπ π π π t is much bigger than Cθθθθt and
4444
C zzzzt . So, according to (10) the value of Cθzθzt must be considerably
larger than the other tensor components, as conﬁrmed in Table 2.
Lastly, in Table 3 are the values of gη for diﬀerent angles η, which will

i
m
a

κb =

and

3.1. Physical parameters

t

Fθθθθ + Fθθzz
,
a2

ϕt
60.3°
20.6°
67.0°
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However, mixing large positive and large negative spring stiﬀnesses can
induce signi ﬁcant errors in the numerical calculations.
Thus, the black and the blue regions in Fig. 4 should be avoided.
These regions (square label E) correspond to the cases when the angles
β or γ are small.
Physically, in a skinny triangle the elastic restoring forces between
the nodes can be very large so that the deformation does not increase
too much when an external force is applied.
The most convenient choice of the spring stiﬀness is obtained when
κa , κ b , κ c are of the same order. It can be seen in Fig. 4 that this is
veriﬁed next to the central line (between the squares B and C) and not
close to the E squares. In particular, the solution κa = κb = κc is
achieved when

bz
3 ⎛ Fzzzz + Fθθzz ⎞
=
⎜
⎟
aθ
2 ⎝ Fθθθθ + Fθθzz ⎠

1/2

.

In the speciﬁc example considered here, the outcome is

bz
3
= 1.1265
= 0.9756 ,
aθ
2

(28)

i.e. the height of the isosceles triangle is almost equal to the width. An
equilateral triangle would result if b z/a θ = 3 /2 , i.e. for an isotropic
material (Fzzzz = Fθθθθ = Fθθzz + 2Fθzθz ). In this case, the spring stiﬀnesses
4
κa = κ b = κ c = 3 (Fθθzz + Fθzθz)/a θ2
are
and
χα = χβ =

χγ = 9 (Fθzθz − Fθθzz) .
It is also convenient to have χα , χβ , χγ positive and of the same
order. This cannot be fulﬁlled for χα in Fig. 4, which is negative next to
the central vertical line. However, the positive χβ and χγ overcome the
negative χα and ﬁx the problem. When the base is parallel to the main
axis, it is more advantageous to take an isosceles triangle with a base
length similar to the height.
It is interesting to see what happens when Ω≠ 0 ∘, i.e. the segment
P 2P3 in Fig. 2( a) is not parallel to the tangential direction. This can
occur e.g. when meshing an irregular surface. Fig. 5 shows the result for
Ω= 10∘ and it can be seen that the symmetries in Fig. 4 are lost. The
original orientation with respect to the tangential axis can be recovered,
if the displacement to the next set of nodes is not perpendicular to the
base but is rotated clockwise 10∘ .
4

Fig. 4. Spring stiﬀnesses κ a , κ b , κ c, χα , χβ , and χγ as function of the triangle
shape for Ω = 0 ∘ (see Fig. 2(a)). The vertices P2 and P 3 of the triangle are located
at the white dots at the bottom of each graphic. The stiﬀnesses depend on the
relative position of the vertex P1, i.e. on b θ and b z . A negative stiﬀness starts
from red, to magenta, and then to black (the minimum). A positive stiﬀness
starts from yellow, to green, and then to blue (the maximum). The letters A, B,
C, D label four columns and the letters E, F, G, H label four rows. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred
to the Web version of this article.)

3.3. Angular spring τ
The bending energy of a beam depends on the curvature. According
to (16) and (17) it is proportional to [f (φ)]2 , where

φ
φ
f (φ ) = 2 ⎛sin − sin 0 ⎞
2⎠
⎝ 2

(29)

The function f (φ ) can be expanded in powers of sinφ − sinφ0

spring stiﬀnesses does not depend on the scaling factor and they are
determined by the shape and orientation of the triangle.
In other words, only aθ : az : bθ : bz : cθ : cz matters and since
( cθ , cz ) = (aθ , az ) − (bθ , bz ), there are three independent parameters. Let
aθ = cos Ω and a z = sin Ω (i.e. set the length a = 1 ), where the angle Ω
determines the orientation of the triangle (Fig. 2). Then the relative
spring stiﬀnesses become functions of Ω, b θ, and bz .
For instance, consider the data in Table 2 for p in = 100 mmHg.
Because
the
following
ratio
is
obtained
Fijkℓ = VCijk ℓ ,
Fθθθθ : Fθθzz : Fzzzz : Fθzθz = 1.104: 1: 1.670: 3.682.
Figure 4 shows the stiﬀnesses for Ω= 0 ∘ as function of b θ (abscissa)
and bz (ordinate). The coordinate b θ = b z = 0 corresponds to the point
P3 at the left and cθ = cz = 0 corresponds to the point P2 at the right. It is
a simple task to verify that for az = 0 , the Eqs. (15a) and (15b) are
invariant under the replacements b θ ↔ c θ, κ b ↔ κc , χβ ↔ χγ . This fact
explains the symmetries observed in Fig. 4.
The shape of the triangles is arbitrary and any point P1 can be used
as a vertex. Although the spring stiﬀnesses exhibit wide variations, (13)
and (14) will always coincide when the deformations are small.

f (φ ) =
≈

φ
cos 0
2

cosφ 0

φ
cos 0
2

cosφ0

(sinφ − sinφ 0) + sin 20
φ

2 + cosφ 0
4cos3 φ0

(sinφ − sinφ 0) 2 + ⋯

(sin φ − sin φ0) = fs ( φ) ,
(29a)

or in powers of cosφ 0 − cosφ

f (φ ) =
≈

cosφ0 − cosφ
φ
2sin 0

cosφ0 − cosφ
2sin

φ0
2

−

2

= fc ( φ) .

(cos φ0 − cos φ) 2
φ
16sin3 0

+⋯

2

(29b)

Comparing (29a) and (29b) for small φ 0 , it can be seen that the
approximation fs (φ) is better than fc (φ ). On the other hand, for φ 0 ∼ 90∘
the approximation fc (φ ) is better than f s (φ).
Fig. 6 shows a comparison of [f (φ)] 2 with the approximations
[fc ( φ)]2 and [f s(φ)] 2 for some selected values of φ 0 . For 0 ∘ < φ 0 < 45∘ the
blue curve gives a better approximation to the green curve (Fig. 6(b)),
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Fig. 6. Functions [f ( φ)]2 (green), [fc ( φ)] 2 (red), and [ fs ( φ)]2 (blue) in the interval
φ 0 − 45∘ < φ < φ 0 + 45∘ , for diﬀerent values of φ0 . The function [ fc0 ( φ)]2 replaces [ fc ( φ)]2 in (a), and the function [ fs0 ( φ)]2 replaces [fs (φ )] 2 in (e). Remark
that in (a) the red curve (not shown) coincides with the green curve. Further, in
(b) the red curve is symmetric with respect to the broken line at φ = 0 ∘ and in
(d) the blue curve is symmetric with respect to the broken line at φ = 90∘. (For
interpretation of the references to colour in this ﬁgure legend, the reader is
referred to the Web version of this article.)

3.1, with an initial pressure of 100 mmHg and an internal radius
r1 = 1.55 mm. The cylinder is discretized by a polyline having N = 24
vertices in the tangential direction. The meshing geometry corresponds
to
isosceles
triangles
with
a
base
of
dimension
a θ = 2r1sin(2π /2 N ) = 0.405 mm and a height b z = 0.395 mm (see (28)).
Using (15a) , (15b), and (21c) the following spring stiﬀnesses are obtained: κ a = κ b = κ c = 362 N/m, χα = −81.4 μJ, χβ = χγ = 105.6 μJ,
τ a = 31.98 μJ (rotation axis along side a, see Fig. 2), τb = τc = 65.46 μJ
(rotation axis along side b or side c).
The results with the new model have the label D and with the
previous model have the label A. As a reference, the calculations with
the nonlinear incompressible artery model of Holzapfel et al. (2005)
(label B) are also given. Since the tests performed to validate the calculations are the same as those in Ref. (Baier-Saip et al., 2017 ), they
will be only brieﬂy described.
Pressure-inﬂation. The inﬂation is the most common artery deformation. In this case, there is no axial displacement and the essential
parameter describing the deformation is the tangential stretch. When
the pressure varies between 80 and 120 mm Hg, the average stretch
calculated with model D is in the interval [1.080123, 1.096196]. The
corresponding result with model A is [1.080073, 1.096222] and with
model B is [1.080286, 1.093868] (see Fig. 8 of Ref. (Baier-Saip et al.,
2017)). Hence, the diﬀerence between models A and D is marginal.
Axial force. The axial direction is also relevant and a test including
the axial deformation is performed. The stretch varies from λ z = 1 to
z = 1.01, the blood pressure is kept constant at 100 mmHg, and the
λ
radius is not ﬁxed. Note that when the artery is axially stretched, it
becomes stiﬀer, and the internal radius becomes smaller (Baier-Saip
et al., 2017). Table 4 shows that the axial force and the variation of r1
are similar in the three models.
Bending. Since the model is essentially a two-dimensional mesh, it is
important to examine deformations in the perpendicular direction.
Consider a planar slice with a rectangular shape. In order to compare
the deformations with those in Ref. (Baier-Saip et al., 2017), the same
geometrical dimensions a θ = 0.405 mm, bz = 0.449 mm are used. The
slice hangs horizontally from two opposite edges (see Fig. 9 of Ref.
(Baier-Saip et al., 2017)) and it is subjected to a vertical pressure load of

Fig. 5. Same as in Fig. 4, but the base of the triangle is tilted by an angle Ω = 10 ∘
with respect to the tangential direction.

but for 45 ∘ < φ0 < 90 ∘ the red curve gives a better approximation to the
green curve (Fig. 6(d)). At φ 0 = 45 ∘ the approximation [ fc ( φ)]2 is as good
as [ fs ( φ)]2 (Fig. 6( c)).
Since [fc ( φ)]2 is an even function of φ, there are two equivalent
equilibrium positions (minima) at φ = ± φ0 . A closer look reveals that
[fc (φ )]2 is a double well separated by a barrier which is small when φ 0 is
close to 0∘ . On the other hand, [f (φ)]2 has a single minimum at φ = φ0
and so [fc (φ )] 2 is a bad approximation when φ 0 is small. A similar
problem arises for [fs (φ )]2 when φ 0 is close to 90∘.
In the special case φ0 = 90∘ , Eq. (29a) is no longer valid and the
square of f s (φ) must be replaced by

[fs0 (φ )]2 = 1 − sinφ .
Further, when φ0 =

(29c)

0∘

the square of (3.3) must be replaced by

[fc0 (φ )] = 2(1 − cosφ ) ,
2

(29d)

which is identical to 4sin (φ/2) = [ f ( φ)] (see (29) with φ0 =
The
transition between [ fs ( φ)]2 and [fs0 (φ)] 2 (the blue curve in Fig. 6(d) and
(e)) is abrupt and the same conclusion holds for [fc (φ )]2 and [fc0 (φ )]2 . In
a biological tissue, a surface with a small φ 0 is much more common than
a surface with φ 0 ∼ 90∘ (a right angle corner). Hence, it is better to
apply (18) rather than Eq. (21) of Ref. (Baier-Saip et al., 2017).
2

2

0∘).

3.4. Comparison
In what follows, consider a cylindrical artery as described in Section
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Table 4
Force Fz and internal radius r1 for a stretch λ z = 1.01 and a pressure equal to
100 mmHg. In all cases the initial radius is 1.5518 mm and Δ r1 represents the
percentage decrease of the radius when the axial stretch varies from 1 to 1.01.
Model

Fz

r1

Δ r1

A
B
D

0.03971 N
0.03633 N
0.04195 N

1.5377 mm
1.5351 mm
1.5381 mm

− 0.91%
− 1.08 %
− 0.88 %

200 Pa. The stiﬀness tensor corresponds to pin = 0 in Table 2 and the
spring stiﬀnesses are κ a = 90.85 N/m, κ b = κ c = 71.80 N/m, χα = −17.59
μJ, χβ = χγ = 19.59 μJ, τa = 15.28 μJ, τb = τc = 31.69 μJ.
The calculated axial length LD = 8.71 mm is almost equal to the
length LA = 8.7 2 mm obtained previously. Moreover, the modulus of
the maximum beam deﬂections are δ maxD = 0.8239 mm and
δmaxA = 0.8145 mm. As a reference, the analytical value obtained with
Eq. (44) of Ref. (Baier-Saip et al., 2017) is δmax,ana = 0.7795 mm. The
diﬀerence between δmaxA and δmax,ana is 4.5%, and it increases slightly to
5.7% between δmax D and δmax,ana. Observe that the outcome with model
A is better because for φ 0 = 0 ∘ the approximation fc0 (φ ) is exact. On the
other hand, if the initial slice is slightly bended (φ 0 ≈ 0∘), then fc (φ )
must be used in place of fc0 (φ ) and in this case the approximation is
worse than fs (φ) of model D .

Fig. 7. Tangential strain variation Δεθθ when the pressure increases from
90 mmHg to 110 mmHg. The artery segment has a cylindrical symmetry in the
unloaded state but the physical properties depend on the coordinate z (see
(30)). The blue curve corresponds to the calculations performed with the
nonlinear model B and the orange curve corresponds to the calculations performed with the model D developed in this work. (For interpretation of the
references to colour in this ﬁgure legend, the reader is referred to the Web
version of this article.)

3.5. Variable stiﬀness

Fig. 7 shows the variation of the tangential strain Δε θθ using model B
and using model D. Close to the borders k ′2t → k2t and (Δ εθθ)D > (Δ εθθ )B,
in accordance with Fig. 8 of Ref. (Baier-Saip et al., 2017 ) where the
stretch variation is slightly bigger in the linearized model A. In regions
where k′2t is smaller, ( Δ εθθ)D < (Δ εθθ )B results. The model B is more
sensitive to variations of the physical parameters, because it is nonlinear.
Lastly, note that the strain in Fig. 7 is smaller than 1%, and the
agreement between models B and D is good. But for wider variations of
the internal pressure or smaller values of k2 t, the strain increases and the
linear approximation (model D ) is no longer valid (Baier-Saip et al.,
2017).

Collagen exhibits high nonlinear behavior bearing the major part of
the load transmitted through the tissue, while elastin has important
ﬂexibility and extensibility features for blood vessels (Saez et al., 2014).
At low stretch, the elastin is the sole load-bearing component, but at
high stretch the collagen bears the main load (Holzapfel et al., 2000). If
the stretch becomes very high, the elastin can rupture and this drastically changes the elastic properties in the low stretch domain. As a
result, the artery can bear a moderate load only if the stretch is large,
and so it becomes permanently deformed giving rise to the aneurysm
(Drangova et al., 1993; Wulandana and Robertson, 2005 ).
As an example, consider a cylindrical arterial segment which is not
homogeneous. Speciﬁcally, the parameter k2 t in the free energy Ψt is
replaced by
−z 2 /σ 2

e
k ′ 2t = k2t ⎛⎜1 −
2
⎝

4. Conclusions

⎞

The artery model developed in this work is linear, two-dimensional,
and it is suitable for computing small and noninvasive artery deformations. The model incorporates the individual characteristics of
each arterial tissue, but in the present work residual stresses are not
taken into account. Additional stiﬀness tensor components have been
computed and three kinds of springs are used to describe the interactions between the nodes of the 2D mesh.
The stiﬀnesses of the normal spring κ and of the angular in plane
spring χ, are derived by comparing the elastic energy stored in the
springs and the energy in the layers subjected to the same plane strain.
The determination of the angular out of plane spring stiﬀness τ is carried out by comparing the energies when the tissues are bent. The
spring τ is essential for the stability of the two-dimensional structure,
otherwise the stiﬀness matrix becomes singular. In particular, a single
out of plane spring τ replaces the two springs τold and the two springs
ζ old of the previous work (Baier-Saip et al., 2017). As a result, the abrupt
transition between τold and ζold close to φ 0 = 0 does not longer appear.
The actual procedure is more ﬂexible than the previous one, mainly
because the meshing is based on triangles rather than on quadrilaterals.
The elastic properties of the arteries are better represented in the present work, as more components of the stiﬀness tensor have been included in the model. These components have not been measured but
only estimated. Nevertheless, their exact value is not important as long
as they do not appear in the energy of the deformation being considered. For example, in a pure axial stretch there is no shear strain and

⎟

⎠

(30)

with σ = 2.964 mm. Hence, at z = 0 the parameter k ′2t is reduced to
50% of k2t and for z > σ the parameter k ′2t approaches to k2t . The
smaller k ′2t causes a decrease in the stiﬀness and it represents, in a
simpliﬁed way, an artery with fusiform aneurysm.
The problem formulated above has an axial symmetry and the
stretch in model B is calculated as in Ref. (Baier-Saip et al., 2017) but
with a variable k2t . Since the radius depends on z, the axial stretch

λz =

dr
1 + ⎛ 1⎞
⎝ dz ⎠

2

(31)

becomes a function of z. The ﬁrst integration is carried out with λ z = 1
to ﬁnd an approximation for r1 (z ). Then a new λ z is calculated with
(31), and the procedure is repeated until convergence is achieved.
The same problem is solved with model D. When the internal
pressure equals 100 mmHg, the artery is not a right circular cylinder,
but it is slightly expanded at the center. Thus, the initial geometry of
the triangles varies with the coordinate z. Since k ′ 2t decrease at the
center, the stretches λ θ and λ z must increase in order to balance the
stiﬀness. An explicit calculation shows that the overall eﬀect is a net
decrease in the stiﬀness tensor and so in the spring stiﬀnesses. However,
a small increase in the pressure results in a larger variation of the
stretch and the stiﬀness in the nonlinear model increases abruptly.
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the value of Cθzθz is immaterial.
Diﬀerent loads validated the model. The ﬁrst one evaluated the
most relevant case, where the blood pressure inﬂates the artery, and the
outcome was close to the nonlinear and incompressible artery. When
the artery is stretched by a small amount in the axial direction, the
calculations with all models also led to similar results. Finally, after the
stiﬀness tensor has been calculated, it is straightforward to apply the
method to arteries with irregular surface geometry.
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